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Abstract 

In Euclidean space, the integration by parts formula for a set of finite perimeter is expressed 
by the integration with respect to a type of surface measure. According to geometric mea- 
sure theory, this surface measure is realized by the one-codimensional Hausdorff measure 
restricted on the reduced boundary and/or the measure-theoretic boundary, which may be 
strictly smaller than the topological boundary. In this paper, we discuss the counterpart of 
this measure in the abstract Wiener space, which is a typical infinite-dimensional space. We 
introduce the concept of the measure-theoretic boundary in the Wiener space and provide 
the integration by parts formula for sets of finite perimeter. The formula is presented in 
terms of the integration with respect to the one-codimensional Hausdorff-Gauss measure 
restricted on the measure-theoretic boundary. 
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1. Introduction 

The concept of functions of bounded variation on a domain of lR m is a fundamental 
concept in geometric measure theory. Let U be a domain of M. m . By definition, a real- valued 
Lebesgue integrable function / on U has bounded variation if 

sup | J (divG)fdx G G C l c {U -> R m ), \G{x)\ Rm < 1 for all x G u\ < oo, 

where C^(U — ► M m ) denotes the set of all lR m - valued functions G on U such that G is 
continuously differentiable and G vanishes outside a certain compact subset of U, and | • 
denotes the Euclidean norm on M m . One of the basic properties of a function / of bounded 
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variation on U is that there exist a positive Radon measure v on U and a measurable function 
a: U — > IR m such that |<t(x)|ir™ = 1 z/-a.e. x and 

I (div G)fdx = - [ (G,a) Rm du for all G E C]{U -> R m ), (1.1) 
</[/ Jc/ 

where (•, -)jm denotes the standard inner product on R m . This follows directly from the Riesz 
representation theorem. Roughly speaking, we can say that / has an R m -valued measure 
a dv as the weak gradient. A Lebesgue measurable subset A of U is called a set of finite 
perimeter or sometimes a Caccioppoli set in U if the indicator function 1a of A has bounded 
variation on U. Then, Eq. (11 .ip is rewritten as 

[dwGdx = -[ (G,a) Rm du foraUGeC£(E/->R ro ), (1.2) 

since the support of ^ is proved to be a subset of the topological boundary dA of A. When 
A is a bounded domain with a smooth boundary, Eq. ( 11.21) is identical to the Gauss-Green 
formula, and a and v are expressed as the unit inner normal vector field on dA and the 
surface measure on dA, respectively. Although dA is not smooth in general, the deep 
theorem known as the structure theorem in geometric measure theory guarantees that A 
has a "measure-theoretical C 1 -boundary" To state this claim more precisely, let us define 
the reduced boundary d*A of A, which is a subset of dA, by the set of all points x e R m such 
that 

(i) v(B(x,r)) > for all r > 0; 

(ii) lim 1 — — / a dv = a(x); 
r^o u(B(x,r)) 

(in) \a(x)Wm = 1. 



B(x,r) 



Here, B(x,r) — {y £ lR m | \y — x\m™ < r}. Further, the measure-theoretic boundary d*A of 
A is defined as 



d.A =16 



C m (B(x,r)f]A) C m (B(x,r)\A) \ 

hmsup — ^— > and hmsup — / > } , (1.3) 

r^o r m r ^o r m J 

where C m is the m-dimensional Lebesgue measure. Then, the following theorems hold. 

Theorem 1.1 (Structure theorem). (i) The measure v is identified by the (m— 1) -dimen- 
sional (in other words, one-codimensional) H aus dor ff measure 7i m ~ l restricted on d*A. 
(ii) d*A is decomposed as d* A = U^i C% U N, where v(N) = and each Ci is a compact 
subset of some C x -hyper surf ace Si (i = 1,2,...); moreover, a\ Ci is normal to Si (i = 
1,2,...). 

Theorem 1.2. The following relations hold: d*A C d±A C dA and H m ~ l (d+A \ d*A) = 0; 
in particular, v is also equal to TT 1 ' 1 restricted on d+A. 
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In this sense, the measure v can be regarded as the surface measure on suitable boundaries 
of A. See, e.g., 0, E3] for the proof of these claims. The proof is heavily dependent on the 
fact that the Lebesgue measure satisfies the volume-doubling property and that the closed 
balls in M m are compact; the proof also requires effective use of covering arguments. 

On the other hand, in j^, 0, 14, 15], a theory for functions of bounded variation on the 



abstract Wiener space, which is a typical infinite-dimensional space, has been developed in 
relation to stochastic analysis. In this case, the whole space E is a Banach space equipped 
with a Gaussian measure /i as an underlying measure, and the tangent space if is a Hilbert 
space that is continuously and densely embedded in E, as in the framework of the Malliavin 
calculus. Then, we can define the concepts of functions of bounded variation on E and 
sets of finite perimeter in a similar manner, and thus, we can obtain integration by parts 
formulas that are analogous to (11.11) and ( 11. 2ft . The existence of the measure v is proved 
by a version of the Riesz representation theorem in infinite dimensions. This type of Riesz 
theorem was proved i n [7j | by utilizing a probabilistic method together with the theory of 
Dirichlet forms and in [14| by using a purely analytic method. Since the construction of the 
measure v is somewhat abstract, the geometric interpretation of v associated with sets of 
finite perimeter has been unknown thus far. 

In this article, we consider Borel sets A of E that have a finite perimeter and prove 
that the measure v associated with A as above, which is denoted by \\A\\e in this paper, 
is identified by the one-codimensional Hausdorff-Gauss measure restricted on the measure- 
theoretic boundary d+A of A. This Hausdorff-Gauss measure on the Wiener space has been 
introduced in 0] (see also [HI) in order to discuss the coarea formula on the Wiener space 
and the smoothness of Wiener functionals. Further, for the first time, the measure-theoretic 
boundary d+A is introduced in this study as a natural generalization of that in Euclidean 
space. This identification justifies the heuristic observation that \\A\\ E can be considered 
as the surface measure of A. Since Gaussian measures on E do not satisfy the volume- 
doubling property and closed balls in E are not compact when E is infinite-dimensional, 
most techniques in geometric measure theory cannot be applied directly. Instead, we adopt 
the finite-dimensional approximation and utilize some results from geometric measure theory 
in finite dimensions; this is a reasonable approach since both the Hausdorff-Gauss measure 
and the measure-theoretic boundary are defined as the limits of the corresponding objects 
of finite-dimensional sections. The most crucial task in the proof of the main theorem 
(Theorem 12. lip is to prove that the order of these two limits can be possibly interchanged 
in a certain sense. Since the limit in the definition of the measure-theoretic boundary is 
not monotone, this claim is not straightforward and the proof requires rather technical 
arguments. 

The representation of \\A\\ E by the Hausdorff-Gauss measure enables us to take advan- 
tage of the general properties of Hausdorff-Gauss measures (j6l,|5j); we can deduce that \\A\\e 
does not charge any sets of zero (r, p)-capacity if p > 1 and rp > 1, where the (r, p)-capacity 
is defined in the context of the Malliavin calculus. In JjJ, such a smoothness property was 
proved by using a different method, and the similarity between this smoothness property 
and that of the one-codimensional Hausdorff-Gauss measure was pointed out. Our results 
clarify this relationship further. 
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Surface measures in infinite dimensions have been studied in various frameworks and 
approaches, such as in 0]D For example, in the early study by 



Goodman [U[, surface measures and normal vector fields were provided explicitly for what 
are called H-C 1 surfaces in the Wiener space. In the study by Airault and Malliavin [l|, the 
surface measures on the level sets of smooth and nondegenerate functions are realized by 
generalized Wiener functionals in the sense of Malliavin calculus. In the paper by Feyel and 
de La Pradelle [gj], the Hausdorff-Gauss measures were introduced to represent the surface 
measures, which has a great influence on this article. Although these apparently different 
expressions should be closely related one another, it does not seem evident to derive one 
formula from another one directly. It would be an interesting problem to clarify such an in- 
volved situation. In this study, in contrast to the preceding ones, the smoothness assumption 
is not explicitly imposed on the boundary of the set under consideration. The author hopes 
that our study will be useful to develop geometric measure theory in infinite dimensions. 

This paper is organized as follows. In section 2, we provide the framework as well as the 
necessary definitions and propositions and state the main theorem. We provide the proof 
of this theorem in section 3. In section 4, we present some additional results as concluding 
remarks. 



2. Framework and main results 

Henceforth, we denote the Borel a-field of X by 23 (X) for a topological space X. Let 
(E, H, n) be an abstract Wiener space. In other words, E is a separable Banach space, H 
is a separable Hilbert space densely and continuously embedded in E, and \i is a Gaussian 
measure on (E, *B(E)) that satisfies 

/ exp {^ll(z)) fi{dz) = exp (-|/|^/2) , leE*. 
Je 

Here, the topological dual space E* of E is regarded as a subspace of H by the natural 
inclusion E* C H* and the identification H* ~ H. The inner product and the norm of H 
are denoted by (•, and | • \h, respectively. We mainly deal with the case in which both E 
and H are infinite-dimensional. However, if necessary, many concepts discussed below can 
be easily modified such that they are valid even in the finite-dimensional case. 

Denote by VJt(E) the completion of 23 (E) by \i. We define the following function spaces: 



TC\{E) = {u: E 



u{z) = f{h{z), hn(z)), h, . . . , h n E E* 
f E Cl(R n ) for some n G N 

TC\ (E -»■ X) = the linear span of {u{-)l \ u G FCl(E), I G X}, (2.1) 

for a Banach space X. Here, Cl(M. n ) is the set of all bounded continuous functions on 
~$L n that have continuous bounded derivatives. For a separable Hilbert space X and / G 
TC\{E — ► X), the if-derivative of /, denoted by V/, is a map from E to H <g> X defined 
by the relation 

(Vf(z),l) H =(d l f)(z) for alH G E* c H, 
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where 

(dj^z) = lim(/(z + el) - f(z))/e, I G E* C H C E. 
For each G G TC\{E — > £?*), the (formal) adjoint V*G is defined by the following identity: 

/ {V*G)f d/j = I (G, Vf) H dfx for all / G FCl(E). 

J E J E 

Definition 2.1 (0]). We say that a real- valued 9Jt(-E)-measurable function / on E is of 
founded variation (/ G BV(E)) if / B |/|((log|/|) V O) 1 / 2 ^ < oo and 

Ve(/) :=sup / (V*G)fdfM 

G Je 

is finite, where G is taken over all functions in TC\[E — > such that |Cr(z)|# < 1 for 
every z G E. A subset A of £7 is said to have a finite perimeter if the indicator function 1^ 
of A belongs to BV{E). We denote V E {1 A ) by Vk(A). 

One of the basic theorems concerning the functions of bounded variation is the following: 

Theorem 2.2 (0, Theorem 3.9]). For each f G BV(E), there exists a finite Borel measure 
v on E and an H -valued Borel measurable function a on E such that \o~\h — 1 v-a.e. and 

[ {V*G)f dn = [ (G, a) H dv for every G G TC\[E -> E*). (2.2) 
Je Je 

Also, v and a are uniquely determined in the following sense: if v' and o' are different from 
v and a and also satisfy relation ( 12.21) . then v — v' and a(z) = cr'{z) for u-a.e. z. 

There is no minus sign on the right-hand side of (12.21) , in contrast to (II. ip ; this minus sign 
is included in the definition of V*. For an A G %Jl(E) that has finite perimeter, the v and 
cr associated with / := 1a in the theorem above are denoted by \\A\\e and a a-, respectively. 
Then, it is proved that the support of \\A\\e is included in the topological boundary dA of 
A in E. In other words, (12. 2p is rewritten as follows: for every G G TC\{E — > E*), 

[ (V*G)dfi= [ (G,a A ) H d\\A\\ E . (2.3) 

J A JdA 

A more detailed assertion has been presented in @, Theorem 3.15]. 

In order to state the main theorem in this paper, we introduce the concept of the 
Hausdorff-Gauss measure on E, essentially following the procedure in @, 0]. We begin 
with the finite-dimensional case. Let F be an m-dimensional subspace of E* (c H) with 
m > 1. By including the inner product induced from H in the subspace F, we regard F 
as an m-dimensional Euclidean space. Let A be a (not necessarily Lebesgue measurable) 
subset of F. For e > 0, we set 

oo 

Se~\A) = inf ^voL^ (£?,), (2.4) 
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where {Bi}?l 1 is taken over all countable coverings of A such that each Bi is an open ball of 
diameter less than e, and 



1 m\ t/ /dmm(P^)\ m tt< 
vol m _i(.Bi) = l/ m _i ■ I I , l/ m _i 



m ~ 1 7r (m-l)/2 

r((m- l)/2 + 1)' 

Note that V m -\ is equal to the volume of the unit ball in M m_1 . Then, define 



Sr\A)=\\mS™-\A). 

is called the (m — l)-dimensional (or one-codimensional) spherical Hausdorff measure 
on F. S™~ 1 is an outer measure on F and a measure on (F, 05(F)). We do not use 
the standard Hausdorff measure Hp' 1 (namely, the measure obtained by removing the 
restriction that Bi is an open ball in 112. 4ft ) for the reason explained in the remark that 
follows Proposition 12.41 below. The spherical Hausdorff measure and the Hausdorff measure 
differ on some pathological Borel sets but coincide on good sets that are considered in this 
study. For further details on this assertion, we refer to [J, Section 2.10.6, Corollary 2.10.42, 
Theorem 3.2.26]. 

The one-codimensional Hausdorff-Gauss measure # m_1 on F is defined as 

6™-\A) = £(2n)- m / 2 exp(^-^^S™~\dx), A C F (2.5) 

Here, J* denotes the outer integral for the case in which A is not measurable. Note that we 
adopt a terminology different from 0, 0]. is also an outer measure on F and a measure 
on (F, 23(F)). 

We now consider the infinite-dimensional case. Let F be a finite-dimensional subspace 
of E*, and let m = dimF. Define a closed subspace F of E by 

F = {z e E | x(z) = for every x G F C E*}. 

Then, F is decomposed as a direct sum F + F, where F is regarded as a subspace of F. The 
canonical projection operators from F onto F and F are denoted by pp and qp, respectively. 
In other words, they are given by 

m 

Pf(z) =^2hi(z)hi, q F (z) = z - p F (z), 
i=l 

where {hi, . . . , h m } C F* C H C F is an orthonormal basis of F in H . Let fip and \l f be the 
image measures of /z by j9p and q F , respectively. The measure space (F, p) can be identified 
by the product measure space (F, p F )x (F, p F ). We define 971(F) as the completion of 03(F) 
by /xp, and 971(F) as the completion of 03(F) by pp. 
For A C F and y & F, the section A y is defined as 

i s = {x6F|i + t/GA}. (2.6) 
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Define 



V F = {A C E | the map F dp' 1 (Ay) G [0, oo] is 9Jt(F)-measurable} 



and 



p F (A)= f_e^- 1 (A y ) fJ ,p(dy) for A G XV 



Jf 



(2.7) 



Then, we have the following propositions. 

Proposition 2.3 (cf. jsl, Proposition 3] or [5, Corollary 2.3]). Every Suslin set of E belongs 
to T>p, and p F is a measure on (E,*B(E)). 

Fix a sequence C E* (c H) such that {Zi}^i is a complete orthonormal system 

of H. For m G N, let F m be an m-dimensional subspace of E* (c C E) defined as 



Set V = Hm=i ^Fm- Note that V contains all Suslin sets of E; in particular, V D %$(E). 

Proposition 2.4 ([6, Proposition 6] or [5, Proposition 3.2]). For any A G D, PF m (A) is 
nondecreasing in m. 

The essential part of the proof is contained in 0, Section 2.10.27], where it is explained 
that such a monotonicity does not hold when we replace iS™ -1 with the Hausdorff measure 
Hp' 1 in (12.51) . From this proposition, we can define 



Then, p is a (non-a-finite) measure on (E, ^(E)). Denote by 9Jl p (E) the completion of 



Proposition 2.5. DJl p (E) C T>, and p is a complete measure on (E,DJl p (E)) . 

This proposition is proved in the next section. 

Definition 2.6 (cf. 0, Definition 8], [5j, Definition 3.3]). We call p the one-codimensional 
Hausdorff-Gauss measure on E. 

Remark 2.7. (i) The measure p may depend on the choice of {Zj}^. In the original 
studies 0, la], the supremum of p(A) is taken over all possible choices of {k}^ in 
order to define the one-codimensional Hausdorff-Gauss measure of A. In this study, 
such a procedure is not carried out. 
(ii) Similarly, for each n G N, we can define the n-codimensional Hausdorff-Gauss measure 
on E. 

Next, we introduce the concept of the measure-theoretic boundary of a subset of E. 



F m = the linear span of {h, . . . , l m }. 



(2.8) 



p(A) := lim p Fm (A) for A G V. 



*8{E) by p. 
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Definition 2.8. Let A be a subset of E and let F be a finite-dimensional subspace of 
E* (c H). Denote dimF by m and the m- dimensional Lebesgue outer measure on F by 
C m . Define 



dlA := (zeE 



v C m (B(p F (z) jr )nA qF(z) ) 

iim sup > (J and 

~ £ m (£(p F (^)\A^)) 
hm sup L - L - > 

r— >0 ' 



Here, B(p F (z),r) is a closed ball in F with center and radius r, and ^4 9F ( 2 ) is a section 

of A at qp(z) that is defined as in (12. 6p . 

For each y £ F, the relation (d£A) y = d*(A y ) holds, where the left-hand side is the 
section of d£A at y as in (I2.6P and the right-hand side is the measure-theoretic boundary of 
A y as in (|1.3p . 

Definition 2.9. For A <Z E, the measure-theoretic boundary d*A of A is defined as 



oo oo 



d*A : = liminf «9f m A =110 df m A 



n=l m=n 



It can be easily seen that d*A is a subset of dA. In general, the sequence {d£ m A}™ =l is 
not monotone in m. We also note that d*A may depend on the choice of {h}^Zi, however, in 
the case of our study, the difference is negligible, as we infer from the comment that follows 
Theorem 12.111 

Proposition 2.10. If A is a Borel subset of E, then d*A is also a Borel set. 

The proof is left to the next section. The following theorem is the main theorem of this 
article. 

Theorem 2.11. Let A be a Borel subset of E that has a finite perimeter. Then, \\A\\e 
coincides with p restricted on d+A. More precisely, 

\\A\\ E (B) = p(BC)d*A), Be<B(E). 

In particular, Eq. (12. 3j) can be rewritten as 

[ (V*G)dfi= [ (G, o~a)h dp. (2.9) 

Further, the measure (p,DJl p (E)) restricted on d*A coincides with the completion of the 
measure (\\A\\E,*B(d*A)) on d+A. 

As a consequence of this theorem, the symmetric difference of d*A and d'+A is a null 
set with respect to where A is the measure-theoretic boundary of A with respect 

to another complete orthonormal system {l' i \ c *l 1 . Indeed, by letting B\ = d'+A \ d*A and 
B 2 = d*A \ d+A, and denoting the one-codimensional Hausdorff-Gauss measure with respect 
to {/'j^! by p', we have 

\\A\\ E (B 1 ) = p(B 1 nd*A) = and \\A\\ E (B 2 ) = p'(B 2 n &J) = 0. 
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3. Proof 

Proof of Proposition^^ Let A E M P {E). Then, there exist B,C E <B(E) such that B C 
A C C and p(C \ B) = 0. Let m G N. From Proposition EH PF m (C \ -B) = 0, which, from 
Eq. (EZD and the Fubini theorem, implies that GpT x {{C \ B) y ) = for p F -a.e.y E F m . For 
such y, e™-\B y ) = 6™-\C y ) = 9™~ l {A y ). Since " 

F m 3y^6™-\B y ) e[0,oc} 

is nJt(F m )-measurable, 9™~ (A y ) is also 97l(F m )-measurable in y G F m . Therefore, we have 
A G T> Fm and p^ m (v4) = p Fm (B). Consequently, we conclude that A G V and p(A) = p(B). 
In particular, the measure space (E,DJl p (E), p) is the completion of (E ,*&(E), p). □ 

Proof of Proposition \2.1(A It is sufficient to prove that d?A in Definition [22] is a Borel set. 
Let r > 0. Since the map 

F x F x F 3 (x, w, y) i-> l B(Xir) (w) l A (w + y) G K 

is Borel measurable, from the Fubini theorem, the map 

FxF3{x,y)^ [ l BM (w)l A (w + y)C m (dw) ER 
Jf 

is Borel measurable. Therefore, C m (B(p F (z), r) R ^4 gF ( z )) is a Borel measurable function in 
ZEE. 

We will prove that 



ZEE 
ZEE 



v £ m (B(p F (z),r)nA qF{z) ) 
hm sup > 



r C m (B(p F (z),2-i)r}A qF{z) ) \ 
hmsup >0 . (3.1) 

Denote the left-hand side and the right-hand side by B\ and B2, respectively. The inclusion 
Bi D B 2 is trivial. When T^ 1 <r< 2~ j , 

C m (B(x,r)nA y ) < 2m g%2^ x E F v E F 
This implies that 

v £ m (fi(p^)/)n^( 2) ) £ m (£(^), 2-0 n A qAz) ) 

hm sup — < 2 hm sup 



Therefore, B\ C £? 2 . Hence, (13. If) holds. The Borel measurability of this set results from 
the expression i? 2 - 

Similarly, we can prove that the set {z E E \ ]im sup r ^ r~ m £ m (B(p F (z),r)\A qF r z )) > 0} 
is also Borel measurable. □ 
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The rest of this section is devoted to the proof of Theorem 12. Ill We use the same 
notations as those used in the previous section. In the following discussion, let F be a finite- 
dimensional subspace of E* or F = E. Let K be a finite-dimensional subspace of F D E*. 
We regard K as a subspace of H and include the inner product induced from H in K. As 
a convention, /j is denoted by //p when F = E. When F is finite-dimensional, we define 
TCl{F — > F) (resp. TC\[F — > F)), as in (12.11) . with respect to the abstract Wiener space 
(F, F, /x F ) (resp. (F,FnH, fip.)). In this case, .FC£(F -> F) is also denoted by C b x (F -»■ F). 
By abuse of notation, the gradient operator and its adjoint operator for both (F, F, fip) and 
(F,F PI HjfMp) are denoted by the symbols V and V*, respectively, which are the same as 
those for (F, H, /x). 

For A G SDt(F), we define 

V^A) = sup |y V*Gdfi F G G JFC^F -> F), < 1 for all x G F j (< oo). 

Proposition 3.1. Suppose V f ,k{A) < oo. Then, there exist a Borel measure \\A\\f,k on 
F and a K -valued Borel measurable function oa,f,k on F such that \\A\\f,k{F) = Vf,k(A), 
Wa,f,k(z)\k = 1 for \\A\\ FK -a.e.z, and 



[ V*Gdfi F = [ (G, cta,f,k)k d\\A\\F,K for every G G TCftF -»• K). 

J A JF 



(3.2) 



Also, \\A\\ f> k and cta,f,k are uniquely determined; in other words, if \\A\\' FK and o~' AFK are 
different from \\A\\ f ,k and o~a,f,k and satisfy relation (13.21) . then \\A\\ f ,k = ||A|| F) # and 
&a,f,k(z) = o-' a ,f,k{ z ) f or \\A\\ F ,K-a.e. z. 

Proof. The proof of this proposition is similar to that in [9|, Theorem 3.9]; this proof is 
simpler since F is finite-dimensional. 

Let k = dimF. Select an orthonormal basis hi, . . . , hf. of F. Let % = 1, . . . , k. Select 
g G FCl(F) and let G(-) = g(-)hi G TC\{F -> F). Then, 

(V*G)(z) = -(d hi g)(z)+g(z)h i (z). 

From [9, Theorem 2.1] and the argument in the first part of the proof of 0, Theorem 3.9], 
there exists a signed Borel measure D l A on F such that 

I {V*G)l A dnF = [ gdD* A for all G(-) = g(-)h { G TC\{F — > F). (3.3) 

JF JF 

Define := Yli=i \D A \i where \D\\ is the total variation measure of D A . For each i, 
denote the Radon-Nikodym derivative dD\jdlS.A by 7«. We may assume that ji is Borel 
measurable. Define a Borel measure on F and a F-valued Borel measurable function 
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&A,F,K on F as 



A: 



A\\ FiK (dz) 




(3.4) 



k 



va,f,k(z) 



k 



(3.5) 







if E^) 2 = 



v 



Then, for any z = 1, . . . , and (7 G .FC ( 



2^ 



va,f,k)k d\\A 



F,K- 



We obtain (I3.2p by combining this equation with (13.3p . By construction, Icta.-^-R'WI-K' = 1 
for || AH^x-a.e. z G F. It is evident from (13.21) that the inequality V f ,k(A) < \\A\\f,k{F) 
holds. To prove the converse inequality, it is sufficient to select a sequence {G n }^ =1 from 
J-Cl(F — > K) such that \G u (z)\k < 1 for all z G F and lim^oo G n (z) = &a,f,k(z) for 
||A|| Fi K-a.e. z. 

The uniqueness is proved in the same manner as in the proof of |9j, Theorem 3.9]. □ 

Henceforth, let F be a finite-dimensional subspace of E* and K be a subspace of F. As 
in previous sections, both F and if are regarded as subspaces of H as well as E*. 

Proposition 3.2. Let A G 971(F) with V E>K (A) < 00. Then, the map F 3 y i-> V F ^ K (A y ) G 
[0,oo] 971(F) -measurable, and 



In particular, Vp,K{Ay) < 00 for \i F -a.e.y G F. Here, A y is a section of A that is defined 
in (123]) . 

Remark 3.3. In fact, equality holds in (13.61) . This will be proved in Proposition 13.41 (iii). 

Proof of Proposition \3.2l Let 3 1,2 (F — > K) denote the (1, 2)-Sobolev space of F-valued 
functions on F; in other words, it is the completion of C£(F — > K) with respect to the norm 

1/2 

||/|| D i,2 := (f F {\Vf\ Fl g )K + dfJLp) . This is a Hilbert space with the inner product 
(f,g)n^ ■= f F {(Vf,Vg) F ®K + (f,g) K )dfiF. Select a sequence {fj}f = i from C 6 X (F -> F) 
such that the following hold: 

• \fj( x )\K < 1 for all j G N and x G F. 




(3.6) 



11 



• The set {fj \ j G N} is dense in {g G B) 1,2 (F — > K) \ \q{x)\k < 1 for /ip-a.e. a:} with 
the topology of D X ' 2 (F -> X). 

For any B G 971(F), we have 

V F>K (B) = sup / V*fj{x)fi F (dx), 
jen Jb 

since V* extends to a continuous operator from D 1,2 (F — > X) to L 2 (F). For / G C£ (F — > X), 
the map 

E ~ F x F 3 (x,y) ^ l A (x + y)V*f{x) G K 
is 97t(F)-measurable. By the Fubini theorem, A y G 971(F) for fip-a.e.y G F, and the map 



F3y^ [ V*f(x)fi F (dx) G 



is 97t(F)-measurable. Therefore, the map F 9 y i— > Vp^^,) G [0, oo] is also 971(F)- 
measurable. 

Let £ > 0. We inductively define a sequence {Cjj^Q of subsets of F as follows: 
C o = 0, 

Cj = L G F A y G 971(F) and / V*fj(x) ^ F {dx) > (1 - £)Vf,x(A/) A s" 1 } \ |J Q, 
I ^ J i=0 

J = 1, 2, ... . 

Then, G 971(F) for all j and /^(F \ (J^i Cj) = 0. 
Let fiGN. Define D n = [f j=1 C j and 

n 

g n (x,y) = J2fj( x ) 1 c J (y) for (x,y) e F x F ~ E. 
3=1 

We also regard g n as an element of L 2 (F — > D 1,2 (F — > F)) by the map 

n (x, y)) G D 1,2 (F -> F). 

Since FC^F -> D 1 ' 2 (F — > F)) is dense in L 2 (F -> D 1 ' 2 (F -> F)) and C^F -> F) is dense 
in D 1 ' 2 (F -> F), FC^F -> C^F -> F)) is dense in L 2 (F -> D X ' 2 (F — > F)). Therefore, we 
can select a sequence {uj}^ =1 from TC\{F — > C£(F — > F)) - also considered a subspace of 
FC^F -> F) - such that 

• -Uj — »■ # n in L 2 (F — > D li2 (F — > F)) and /j, F -a.e. as j — > 00, 
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• \uj(x,y)\K < 1 for all j G N and (x, y) G F x F. 
For fMp-a.e. y G F, we have 

lim / V*(uj(-,y))dii F = / V*(g n (-,y)) dfi F 

3~*°° J Av JA V 



V*/ m d/XF if 2/ ^ Cm for some m = 1, . . . , n 
if y i D n 



>({l-e)V F , K (A y )As- l )-l D M- 

Therefore, 

/ {(1 -e)V F:K (A y ) A e' 1 } fi p (dy) < / lim / V*(uj(;y)) dfM F ) fi p (dy) 
Jo n Jf Ja h / 

= lim / / V*(uj(-,y))dfi F ) fi F (dy) 
J F \ Ja v 



= lim / V*Uj <i/x 

< Vb )Jf (A). (3.7) 

Here, to obtain the equality in the second line, we used the uniform integrability of the 
sequence j J A V* («-,(-, y)) d/ip} , which follows from 



3= 

sup / / V*(wj(-,y))d/XF /x F (rfy) < sup / ( / (V*(%(-, y))) 2 J //^(dy) < ex.. 

ieN 7f V 7 a„ / jGN J p \J F J 



To obtain the equality in the third line in (13. 7p . we used the identity (V*(uj(-,y)))(x) = 
(V*Uj)(x, y), which follows from the assumption that K is a subspace of F. By letting e { 
and n — > oo in (13.71). we obtain (13.61). □ 



Proposition 3.4. Let A G Wl(E) with V EjK (A) < oo. 

(i) Let f be a bounded Borel measurable function on E. Then, the map 

F3y^ J f{x + y) \\A y \\ F>K {dx) G R 
371(F) -measurable, and 



j fd\\A\\ E>K = / ( / f(x + y)\\A y \\ FtK (dx)) /ip(dy). 
J e Jf \Jf J 
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In particular, for any B G *B(E), the map 

F3y^ \\A y \\ F}K (B y ) G [0,oo) 

is DJl(F) -measurable, and 

[B) = J \\A v \\ F)K {B y )^{dy). (3i 



E,K\ 



(ii) For fip-a.e. y G F , 

<ta,e,k( x + V) = VA y ,F,K(x) for \\A y \\ F)K -a.e. x G F. 

(iii) In Eq. (13. 6p . equality holds. 

Proof. We may assume that A is a Borel set. Let k = dimK. Select an orthonormal basis 
hi , . . . , hk of K, as in the proof of Proposition 13.11 

Let i = 1, . . . , k. Define Ki as a one-dimensional vector space spanned by hi. We denote 
VE,Ki and Vp,Ki by V^i and V F) i, respectively. Define D\ and D l c for C G 971(F) with 
Vf,i{C) < 00 so that the relations of the type of Eq. (13. 3p in the proof of Proposition 13.11 
hold. Note that \D A \(E) = V E ,i{ A ) and \ D c\( F ) = V F ,i{C). 

From Proposition 13.21 

j V F ,(Ay) Mdy) < VeM) < Ve,k(A)- (3.9) 
Let g G FCl(E) and define G(z) = g(z)hi. Then, 
gdD\ = [ V*Gdfi 

l Ay (x)(V*(G(- + y)))(x) mridx)^ fi F (dy) 

g(x + y)D A (dx))fi F (dy). (3.10) 



F \JF 



In particular, the map 

F3y^ I g(x + y)D\(dx)eR (3.11) 



F 



is 9Jl(F)-measurable. From the domination J F \g(x + y)\ \D A \(dx) < sup z&E \g(z)\ -V Ft i(A y ), 

Eq. (13.91) . and the monotone class theorem, Eq. (13 . 10[) and the 9Jt(F)-measurability of (13. lip 
hold for all bounded Borel measurable functions g on E. In particular, for B G *B(E), by 
setting g = 1 B , we have 

D\{B) = jf Qf l B (x + y) D Ay (dxfj ^ F {dy) 

= [D Ay (B y )» F (dy), (3.12) 

JF 
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and the map F 3 y i— > D\ (B y ) G R is 9Jl(F)-measurable. 

Select a Borel set 5* of F such that |F^| (■) = D A (- n 5*) - £>i(- \ S") (the Hahn 
decomposition). Then, 

V Eti (A) = \D\\{E) = D A (S l ) - D\{E \ V) 

[D\ y (SD - D\ y (F \ Si)) n P (dy) (from 

< j p \D\\{F) fi P (dy) 
V F ,i{A y ) np{dy) 

< veM) ( from <ra), 

where 5* is the section of S\ that is, S l y = {x G F \ x + y G S* 1 }. Therefore, the inequalities 
in the above equations can be replaced by equalities. In particular, there exists a /z^-null 
set Ni in 53(F) such that for all y G F \ N t , V F:i (A y ) < oo and 

\D A J(F) = D Ay (S y )-D Ay (F\S y ), 

which implies that \D A |(-) = £> A (-PIS'*)— F/^ ( - \ ^ ) ; this provides the Hahn decomposition 
of D Ay . Then, for any B G 95(F), 

\D A \(B) = D A (BnS*)-D\(B\S>) 

= J (pXiBy n SJ) - ^(S, \ fij)) /^(dy) 

\D\\{B y )^{dy). 



Let iV = |Ji=i -^is- Define = Xa=i \D\\ and A Ay = 52 i=1 |Fj^ |, which can be defined for 
y G F\N. Then, l F \ft(y) ■ A Ay (B y ) is Borel measurable in y G F and 

A A (S) = J^iBy)^). 
This implies that for any bounded Borel function / on E, 

^-f\n(v) ' / f( x + ^Ay(dx) is Borel measurable in y G F (3.13) 



and 



JjdA A = J(J^ f(x + y) A Ay (dx)^j fi p (dy). (3.14) 
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F 



For z G E, let x — p F (z) G and y = g^^) G i* 1 - Let -B(x, r) = {w 6 F |iw — x|_p < r} 
for r > 0, and define a function (p l on i? for % = 1, . . . , A; by 

f D\ (S(x,l/n)) - v - 

lim sud — : : if v G F \ N 

V \z)=l n ->J D\ y {B{x,l/n)nSi)-D\ y {B{x,l/n)\Si) V X , 

[ if y G N 

where 0/0 = +oo by definition. Then, from the differentiation theorem (see, e.g., 0, Sec- 
tion 1.6]), fory<EF\N (in particular, for [Mp-a.e.y), <p l (x + y) is equal to the Radon- 
Nikodym derivative (dD A /dAA y )(x) for A Ay -a.e. x G F. 

We will prove that (f l (z) is Borel measurable in z G E. Let g be a real- valued, bounded 
Borel measurable function on FxFxFc^FxE such that g(x,-) G TCl(E) for every 
x & F. Define 

G x (w, y) = g(x, w, y)h { for (x,w,y) & F x F x F ~ F x E. 
Then, for x G F and ?/ G F \ N , 

g(x,w,y)dD Av (dw) = \ (V*(G x (-,y)))(w) n F {dw) 

'4 

l A (w + y)(y*G x )(w,y) fi F (dw). 

J F 

From the Fubini theorem, the map 

F x F 3 (x,y) i-f lp^{y) J g{x,w,y)dD Ay (dw) G R 

is Borel measurable. By the monotone class theorem, this measurability holds for any 
bounded Borel measurable function g. By letting 

g(x,w,y) = l B (x,i/n)(w), 

g(x, w, y) = l B (x,i/n)(w)lsi(w + y), and 

g(x,w,y) = l B (x,i/n)(w)l E \ Sl (w + y), 

we show that 

(y)D Ay (B(x,l/n)), 
lp\N(y)D Ay {B{x,l/n)nSi), and 

F\N 

(y)D Ay (B(x,l/n)\Sl) 
are all Borel measurable in (x, y) G F x F. Therefore, <f % (z) is Borel measurable in z G E. 
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Now, for any B G %$(E), 

D\{B) = / D\(B y ) v P (dy) (from (EH) 

cp % (x + y)A A (dx) Hp{dy) 



F \JB 



^dA A . (from dSH])) 



Therefore, ip l is equal to the Radon-Nikodym derivative dD A /dA A . 
From the construction of ||y4||£ )i4 - and by (13 .4p . we have 



?,K{dz) 



^^•(^) 2 Aa(^ 



and 



\\A y \\ FjK (dx) 



\ 3=1 



By combining this with (13 . 131) and (13.141) . we prove that claim (i) holds. From expression 
(13.51) . we have 



( k 



E 



V \z) 



1 VEh^'W 



k 



( k 

E 





^(x + y) 



if $>^(z) 2 = 



_ , , ^ if^^'(x + y)V0 



o 



□ 



o-^.f.a- W = ^ v ' ' fc for y E F\N. 

if ^'(x + y) 2 = 

Therefore, claim (ii) follows. We obtain (iii) by letting B = E in (13.81) . 

Proposition 3.5. Let A G DJl(E) with Ve(A) < oo. Denote the orthogonal projection oper- 
ator from H to F by 7Tp. T/ien, ^^^(z) UAU^^efe) = n F a A (z) ||^4|U(^)- ^ n particular, 

\\A\\ E>F (dz) = \ir F a(z)\ F \\A\\ E (dz), 

( n F a A (z) <K F a A (z) ± 
&a,e,f(z) = I \tt f o- a (z)\ f for \\A\\ E)F -a.e. z G E, 

( ifn F (j A (z) = 
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and for every B G 23(F), \\A\\E,F m {B) increases to \\A\\e(B) as m — > oo, where {F m }^ =1 is 
defined as in (12.81) . 

Proof. Let G G TC\ (E -> F). Then, from Proposition E31 with K — F, 

(G, o- a ,e,f) f d\\A\\ E ,F = J (^J (G(x + y),a A ,E,F{x + v))f \\A y \\ F , F (dx)*j n F (dy) 

(V*(G(- + y))){x)l Ay {x) fi F (dx)) v F (dy) 



F \J F 

V*G • 1 A dfj. 

E 

(G,a A ) H d\\A\\ E 

E 



(G,n F o- A ) F d\\A\\ E . 

This proves the assertion. □ 

Let m = dimF. For a subset A of F, we define the measure-theoretic boundary d±A of 
A in F by replacing R m with F in (Oj) . 

Proposition 3.6. Lei A G 9Jt(F) satisfy V F:F (A) < oo. TTien, || A|| egwa/ to £/ie one- 
codimensional H aus dor ff- Gauss measure restricted on d*A, and cta,f,f egtxa/ to t/ie 
a obtained by replacing U and M. m in f 1 1 . 2 It wrat/i F. 

Proof. Define 

= (27r)- m / 2 exp(-|x|!/2), x G F. 
Then, for G G C^F -> F) and / G ^(F), 

/ (divG)/c/£ m = - / (G,Vf) F dC m 
Jf Jf 

= -^(G-r 1 ,v/) F rf yUF 

= - / (vcG-r 1 ))/^ 
= -J(v*(G-r 1 mfd£ m . 

Therefore, divG = — (V*(G • £ _1 ))£. This implies that A has a locally finite perimeter in F 
(with respect to the Lebesgue measure) in the following sense: for any bounded domain U 
in F ~ R m , 

sup | J (divG) dC m G G C\(U -> F), |G(x)| F < 1 for all x G tA < oo. 
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For such a set, Theorems 11.11 and 11.21 hold. (See, e.g., Section 5.7.3, Theorem 2 and Sec- 
tion 5.8, Lemma 1 in Q.) In particular, the measure-theoretic boundary d+A in F is equal 
to a countable union of compact subsets of (^-surfaces in F, up to an W^-null set. Here, 
Ji F l ~ x is the (m — l)-dimensional Hausdorff measure on F. Thus, any subset B of d±A with 
WJT X {B) < oo is (n^-\m - l)-rectifiable in the sense of 0, Section 3.2.14]. From 0, 
Theorem 3.2.26], W£~ l {B) = S™~ l (B). In other words, Hp' 1 and S™" 1 coincide as (outer) 
measures on d+A. Then, for G G C^(F — > F), 

[ (G,a) F de^- 1 ^ [ {Gi,a) F dU^- x 

Jd*A Jd+A 

div(G£) dC m (from (JOJ and Theorem OD 
= / V*Gdfi F . (because div(GO = -(V*G)0 

J A 

Therefore, HAH^jr is equal to the measure 9^~ l restricted on d+A, and <ja,f,f — u. □ 

Proof of Theorem \2.11[ Let k, m G N with m > k. Denote the linear span of {h+i, 4+2, • • • , lm} 
by F m e F k . For y m G F m and x <E F m Q F k , let 

(AhJ* = G F fe | x + w G A^} (= {w G F fc | x + w + y m G A}). 

Since V FmjFm (Ay m ) < 00 for Vf^^- Vm £ ^m, for such y m and any C G 5B(F m ), we have 

IK^2/ m )x||F fc ,F fc (^)/iF m eF fc (^) = \\A y J\ FmtFk (C) < \\A y J\ FmiFrn (C), 

F m QF k 

by applying Proposition 13.41 to the abstract Wiener space (F m , F m , n Fm ). By taking C = 
(E \ d^ m A)y m (= F m \ d±{Ay m )), from Proposition ESI we have 

= \\A y J\ Fm , Fm (C) > / \\(A ym ) x \\ Fk , Fk (C x )^ FmeFk (dx). 

Then, we have 

_ \\(Ay m ) x \\ FkiFk (((E \ d^ m A)y m ) x ) fJ* Fm Q Fh {dx)j H Fm (dy m ) 

F m \J FmQFfc / 



llAJI \ d? m A}J fx Fk (dy k ). 

F k 



Therefore, for [Mp -a.e.yk G F k , d*(A yk ) C (d£ m A) yk up to a ||A y J|ir fct ^ fe -null set, where 
d ir (Ay k ) is the measure-theoretic boundary of A yk in F k . By taking liminfm^oo, 

d^Ay.) C liminf(9f m A)„ fc = fliminf d^ m A) = (d*A) 

m^oo "" \ m— >oo / tit 



2//s 
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up to a || A Vk ||_p fc) j? fc -null set. 

Let B G *B(E). For /ip -a.e. y/s G Ffc, we have 



A/* II WA/J = 6 k \ d *( A y k ) n B Wfc ) (from Proposition EE 



< ^ ((^), fc n a 



2/fc ' 



= ^(((M)nB) w ). 

Integrating both sides with respect to fip {dyy.) and applying Proposition 13.41 with K = F k , 
we have 

\\A\\ E , Fk (B)<p Fk ((d*A)nB). (3.15) 

On the other hand, by applying Proposition 12.41 with (E,H,fi) = (F m , F m , p Fm ), for 
/ip m -a.e. y m G F m , we have 

o k F ~\{dMyJ n ^J.) /i^e^W < ^ m " 1 (9*(^ m ) n 

= II Ay m \\ Fm ,F m (By m ). 

Here, (<9*(A/J n B^J* = {w e F k \ x + w e d*{AyJ H £y ro }. Then, 

p^COf-M) n B) = / ^~ 1 (((9f m A) n B) J /^fc) 
< 



I \\ A yJ\F m ,F m (B ym ) fXp m (d yri 

J F m 



= \\A\\ E ^ Fm (B) (from Proposition 13.41) 
< \\M\e(B). 

From the Fatou lemma, we obtain 

p Fk {(d*A) n B) < liminf p Fk ((d^A) n B) < \\A\\ E (B). (3.16) 

m— *oo 

From (I3.15P and (13 . 1 6[) and by letting k — > oo, we have 

<p((9*A)ns) < \\a\\ e (b) 

by Proposition [331 Therefore, = n S) for all B G <8(E). The final claim 

in Theorem 12.111 follows from the standard argument. □ 



20 



4. Concluding remarks 

4-1- Remarks on \\A\\e and a a 

Let A be a subset of E that has a finite perimeter. To state a further property of we 
recall the notion of Sobolev spaces and capacities on E in the sense of the Malliavin calculus. 
Let K be a separable Hilbert space. Let V{E) be the set of all real- valued functions u on E 
that is expressed as u(z) = g(hi(z), . . . , h n (z)) for some n G N, hi, . . . , h n G E*, and some 
polynomial g on M. n . Denote by V(E — > K) the linear span of {u(-)k \ u G V(E), k G X}. 
For r > and p > 1, the (r, p)-Sobolev space W' P (E — > i^) on is defined as the completion 

ofV(E -> X) by the (semi-)norm || • || r>p defined by \\f\\ r>p = (J E \(I - Lf/ 2 f\ p d/j,) 1/p , where 
L = — V*V is the Ornstein-Uhlenbeck operator. For / G W ,P (E — > K), \\f\\ r ,p is defined by 
continuity. We denote W' P (E -> E) by D r > p (£). The (r, p)-capacity C r , p on E is defined as 

CV, P (£/) = inf{||/IKp I / G W' P (E) and / > 1 //-a.e. on £7} 

when [/ is an open set of E and 

C r , p (B) = M{C r7P (U) | U is open and B C U} 

for a general B C E. Then, from 0, Theorem 4.4], the n-co dimensional Gauss-Hausdorff 
measure does not charge any set of CV^-null set if rp > n. Therefore, by combining this fact 
with Theorem 12.111 we have the following claims. 

Proposition 4.1. Suppose that p > 1 andrp > 1. Then, the measure \\A\\e does not charge 
any C r}P -null set. 

This proposition has been proved in 13] (Proposition 4.6 and Remark 4.7) by using a 
different method. Such a smoothness property of \\A\\e is important for the study of the 
stochastic analysis on A; refer to [9| for further details on this topic. 

A .fT-valued function G on E is called CV iP - quasicontinuous if for any e > 0, there exists 
an open set U C E such that C r ^ p {U) < e and G\e\u is continuous. If G = G //-a.e. and 
G is C rj p-quasicontinuous, we say that G is a CV iP -quasicontinuous modification of G. In 
the manner similar to the proof of 0, Lemma 4.3], it is not difficult to prove that every 
G G W ,P (E — > fT) has a CV iP -quasicontinuous modification G, and if a sequence {Gn}^ 
converges to G in D r,p (£' — > K), then there exists some {n^} j oo such that G rafc converges 
to (5 pointwise outside some CV iP -null set. Using these facts, we can prove the following 
corollary. 

Corollary 4.2. For any p > 1, Eq. (J23D is valid for any G G B l > p (E — > if ) fl -> 
where G in the right-hand side of i \2.9h should be replaced by the C\ )P - quasicontinuous 
modification G. 

Proof. From the Meyer equivalence, V* extends to a continuous map from J} 1,P (E — > H) to 
L P (E), and V extends to a continuous map from 3 l,p (E — > H) to L P (E — ► H <g> H); further, 

+ l^/lfr®/?) ^A 4 } 1 ^ provides a norm on 3 1,P (E — > _ff) that is equivalent to || • 
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From a standard procedure, we can take a sequence {G n }^ =1 from TC\[E — > E 1 *) and a 
Ci iP -null set N of E such that G? n converges to G in D 1 ' p (£' — > H) and G n (z) converges to 
G(z) for all 2 G E \ N, and sup{G n (^) | n € N, z G £7} V sup{G(^) | z 6 i? \ A 7 "} < 00. 
Applying (12.91) to G n and letting n — » 00, we obtain the conclusion. □ 

From Proposition 13.51 the if -valued measure o"x(^)||>1||b(^) can be regarded as a kind 
of projective limit of the if-valued measures associated with finite-dimensional sections of 
A. From the above fact and the structure theorem (Theorem 11.11) . we can say that a a 
is described as the limit of normal vector fields on finite-dimensional sections of A. The 
determination of the validity of the infinite-dimensional version of the structure theorem is 
an open problem, which is stated below. 

Problem 4.3. Does d*A itself have an infinite-dimensional differential structure in a suitable 
sense, and can a a be interpreted as a normal vector field on d+Al 

If A is given by the set {/ > 0} for a nondegenerate function f on E that belongs to 
some suitable Sobolev space, then the answer is affirmative; see jHla, S|- In general, it does 
not seem that we can expect this type of a good expression for A. Here, we present the 
typical examples under consideration. Let d G N and (E, H, fi) be the classical Wiener space 
on R d ; in particular, 

E = {w G C([0, 1] -> R d ) I w(0) = 0}, 



H = <heE 



h is absolutely continuous and / |/i(s)|^ d ds < 00 

Jo 



and fi is the law of the Brownian motion on W 1 starting from 0. Let Q be a domain of M. d 
that includes 0, and define 

A = {w G E I w(t) G Q for all t G [0, 1]}. 

We say that Q satisfies the uniform exterior ball condition if there exists 5 > such that 
for every y in the topological boundary of Q in R d , there exists x G lR d \ £1 satisfying 
B(x, (5)nO= {y}, where B(x, 5) is the closed ball with center x and radius 5 and Q is the 
closure of Q. For example, bounded domains with boundaries in the C 2 -class and convex 
domains satisfy this condition. Then, we have the following theorem. 



Theorem 4.4 ([15j, Theorem 5.1]). Suppose £1 satisfies the uniform exterior ball condition. 
Then, A is of finite perimeter. 



Further detailed properties are discussed in [15j in a more general setting. Sets of finite 



perimeter in the Wiener space appear in a natural manner as presented in 15] , and in general, 



it seems difficult to treat such sets as level sets of smooth and nondegenerate functions. 
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4-2. Remarks on measure-theoretic boundaries 

In general, d±A is strictly smaller than dA. A trivial example is a one point set. It is 
natural to expect that d±A coincides with OA when dA is smooth in a certain sense. We 
will state it problem as follows: 

Problem 4.5. Provide sufficient conditions on A such that d+A = dA. In particular, when 
A is realized as {/ > 0} for some function / on E, what kind of condition on / is sufficient 
to assure d±A = dA? 

As a partial answer, we will provide a simple sufficient condition at which d+A = dA 
holds. In the following discussion, {F m }™ =l is selected as in (12.8j) . For A C E, let A° and 
A denote the interior and the closure of A in E, respectively. 

Proposition 4.6. Suppose A is a convex set of E with A° ^ 0. Then, d*A = dA. 



For the proof, we state a basic result from convex analysis. Let G be a finite-dimensional 
affine space of E. For G C G, let C oG , C , and d G C be the interior, the closure, and the 
boundary of C with respect to the relative topology of G, respectively. 



Lemma 4.7. Let A be a convex set of E. If A n G ^ 0, then A n G = (A n G) 



oG 



A n G = /TTTG^ and {dA) nG = <9 G (A n G). 

Proof. Consider y G A° H G. We can choose an open ball {7 with center ?/ that is included 
in A°. 

First, we prove A° n G D (A n G)°. Consider x G (A n G)°. There exists s > such 
that w := (1 + s)sc — sy G (A fl G)°. Since j^w + j^f^ is an open ball that includes x and 
is included in A, we conclude that i G A°. Since x clearly belongs to G, we conclude that 
x G A° n G. _ _ 

Next, we prove A n G C A n G . Consider x G A H G. Then, 

U ((l — t)x + n G)) c (in G) oG , 

te(o,i] 



and x is an accumulation point on the left-hand side; therefore, we have x G A fl G . 

Both the converse inclusions are obvious. The last equality in the claim follows from the 
first two equalities. □ 

Proof of Proposition ^. 6] It is sufficient to prove d+A D dA. Let -F^ = (Jm=i wn i cn is a 
dense subspace of E. Consider z G dA. By the assumption A° ^ 0, we have A°n(z+F 00 ) ^ 0. 
Therefore, for sufficiently large m, A°r\(z + F m ) ^ 0. Denote z + F m by G. From Lemma I4T71 
2 G (&A) H G = 9 G (AnG). Since A fl G is a convex set, it has a Lipschitz boundary in 
G. (For the proof, see, e.g., 0, Corollary 1.2.2.3].) This implies d G (A n G) = (9f ro A) n G, 
therefore z G 9f m A. Thus, z belongs to d±A. □ 



A^oie added in proof: Two recent papers [18|, [19( that are closely relevant to this article 
were added in the references. 
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